Abstract. We speculate about the structure of maximal product subvarieties of moduli stacks of Calabi-Yau manifolds. We discuss an example of a family of quintic hypersurfaces in P 4 , parameterized by the product of two ball quotients, one of dimension two, the second one of dimension 12.
Since M h is just a coarse moduli scheme, it is not clear whether H has a scheme structure. However, by [6] , if all F ∈ M(C) admit a locally injective Torelli map, there exists a fine moduli scheme M N h with a level structure N andétale over M h . By abuse of notations, we will replace M h by the moduli functor of polarized manifolds with a level N structure, and fix some compactification M h . Then H parameterizes all morphisms from
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Splitting of variations of Hodge structures
Let us start by recalling some of the properties of complex polarized variations of Hodge structures, and of families of Calabi-Yau manifolds.
Proof. The proof (see [8] , Section 3, for the details) uses Schur's Lemma and Deligne's semi-simplicity of complex polarized variations of Hodge structures.
Products in moduli stacks of Calabi-Yau manifolds
Since Calabi-Yau manifolds are un-obstructed, the fine moduli scheme M h is smooth, and we choose a smooth projective compactification M h such that M h \ M h is a normal crossing divisor. Let g : X → M h be the universal family. We will assume moreover, that the local monodromies of R m g * C X around the components of M h \ M h are uni-potent, where m = deg(h) is the dimension of the fibres. Consider a smooth family
of Calabi-Yau m-folds, such that ϕ : U → M h is generically finite. We assume that the factors U i are non singular, and that dim(U i ) > 0. Let V ⊂ R m f * (C X ) be the irreducible sub variation of Hodge structures with system of Hodge bundles
The Kodaira-Spencer map is injective and factors through dϕ :
By Proposition 3 one has a decomposition
for the system of Hodge bundles of V i , and ϕ i : U → U i → D i for the corresponding period map. Then [8] , 3.5, a comparison of Hodge bundles on both sides gives rise to Proposition 5.
i. The cup-product If U 1 × · · · × U ℓ maps generically finite to a moduli stack M h of minimal polarized manifolds, then it has been shown in [7] , Corollary 6.4, that
Question 9. Can one improve this bound for certain moduli stacks and, fixing ℓ, what are optimal bounds for the dimensions of the U i ?
Since we assumed M h to be a fine moduli space, deformations of the morphism ϕ : U → M h correspond to deformations of the family f : X → U. If one assumes that U has a compactificationŪ such that ϕ extends to ϕ :Ū → M h , in such a way that the pre-image of S = M h \ M h remains a reduced normal crossing divisor, the first order deformations of the first type are classified by
Proposition 10. Assume in addition that f extends to a proper morphism f :X →Ū , semi-stable in codimension one, and that
is invariant under infinitesimal deformations. In particular, by Ran's T 1 -lifting property, deformations of those families f : X → U of Calabi-Yau manifolds with U fixed are un-obstructed.
Remark 11. We expect that Proposition 10 holds true under weaker and more natural conditions on the boundary.
Proof. Since we are only interested in global sections, taking complete intersection we may assume that dimŪ = 1, that all fibres are semi-stable and that
is an isomorphism. Recall that (choosing a level N structure) we assumed the existence of a universal family f : X → M h . The pull back of the logarithmic Higgs field
of the variation of Hodge structures R m f * Q X toŪ corresponds to a sub-sheaf
This means that the above sub-sheaf is a Higgs sub-sheaf. We need the following theorem on intersection cohomology and Higgs cohomology of a complex polarized variation of Hodge structures W with uni-potent local monodromy around S. Let (F, θ) denote the logarithmic Higgs bundle of W. We consider the complex of sheaves defined by the Higgs field
In [9] (for dimŪ = 1 in an implicit way) and in [4] (in general) one finds the definition of an algebraic L 2 -sub complex of sheaves
Note that for a sub sheaf
Theorem 12 ( [9] for dimŪ = 1, [4] ).
. Back to our situation, the exact sequence of complexes of sheaves
gives rise to a long exact sequence
Since we assumed the fibres f −1 (p) of f to be semi-stable and minimal, [5] implies that f −1 (p) has no obstruction to deformations in any direction. This means that the pullback of the Kodaira-Spencer map of the moduli space tō U
is an isomorphism. Taking in account that those are maps between complexes of sheaves, we find
to be injective for all i. Hence there is a splitting
By Theorem 12 H i (End(ϕ * E) (2) , θ End ) is isomorphic to the intersection cohomology, hence is invariant under small deformations. Using the semi continuity of the hyper-cohomology of complexes of sheaves one shows that both
) and H i (Q, θ) are invariant under small deformations.
Corollary 13. Under the assumptions made in 10 the scheme H is smooth.
Applications
Again f : X → U denotes a smooth family of Calabi-Yau 3-folds, such that ϕ : U → M h is generically finite. We keep the assumption, that M h has a universal family. Moreover, we choose a compactification
Staring with
together with the induced family f : 4. An example of a non-rigid family of Calabi-Yau quintic threefolds
be the polynomial of a quintic plane curve in P 2 . Then
, and
a Calabi-Yau quintic 3-fold in P 4 . Obviously this construction can also be done locally over the moduli stack M 5,2 of quintic plane curves in P 2 , starting with the universal family f : X → M 5,2 of curves. Replacing M 5,2 by some covering, one can glue those families as family of subvarieties in some projective bundle (see [8] ). The resulting family of surfaces will be denoted by g 1 : Z 1 → M 5,2 , and the one of threefolds by g 2 : Z 2 → M 5,2 .
Remark 16. As pointed out by S.T. Yau, this family has been studied by S. Ferrara and J. Louis [3] . They have shown that the Yukawa-coupling is zero and that and the monodromy lies in SU(2, 1). In [8] the exact length of the Yukawa coupling is calculated for such families.
One can play a similar game, starting with 5 points in P 1 . say with equation 
1 The family of Calabi-Yau quintics g 2 : Z 2 → M 5,2 can be reconstructed as:
The construction in 1) extends to the product family
(Z 1 × Z 0 )/Z 5 blow up ← −−− − (Z 1 × Z 0 )/Z 5 blow down − −−−−− → Z 2 Z Z Z (g 1 ,g 0 )   = h 2 M 5,2 × M 5,1 . 3. The family h 2 : Z 2 → M 5,2 ×M 5,1 of Calabi-Yau
quintics is a universal family of the form
i.e. for suitable compactifications M h , M 5,2 and M 5,1 and for some base point u ∈ M 5,2 and u ′ ∈ M 5,1
, and 
Moreover, a partial compactification H
for the Z 5 -action. Recall that the restriction of R 1 g 0 * (Q Z 0 ) i to a point in M 5,1 is a Hodge structure with The quotient by Z 5 , together with blowing up and blowing down, gives rise to a Q-Hodge isometry (see [8] 
and with T =
where (1) denotes the Tate-twist. Of course, we should write
but we suppress the pullback under the projections in our notation. Remark that T is the part of the variation of Hodge structures, coming from the blowing ups. V i,5−i is an irreducible sub-variation of Hodge structures in (R 3 h 2 * Q(ζ) Z 2 ), and for the corresponding C variation of Hodge structures, the fibre over a point y has (3, 0) . This is zero for i = 1 and i = 4, and the C variation of Hodge structures given by
. By abuse of notations we will regard V and the V i,5−i asQ variations of Hodge structures. Write (R 3 h 2 * QZ 2 ) = V ⊕ W, and let (F 2,1 ⊕ F 1,2 ⊕ F 0,3 , θ) denote the system of Hodge bundles corresponding to W. The missing part of 17, 3), follows from the next two Claims.
Claim 18. There is no nontrivial extension 
